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Abstract 

Let c : SU{n) —^ PSU{n) = 5'C/(n)/Z„ be the quotient map of the 
special unitary group SU{n) by its center subgroup Zn. We determine the 
induced homomorphism c* : H*{PSU{n)) H*{SU{n)) on cohomologies 
by computing with the prime orders of binomial coefficients. 
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1 Main result 

The center subgroup of the special unitary group SU (n) is the cyclic group 
of order n generated by the diagonal matrix diag{e~^, • • • , e~*} G SU(n). Let 
c : SU{n) —>■ PSU(n) := SU{n)/1in be the quotient homomorphism. Consider 
the induced map on cohomologies 

c* : H*{PSU{n)\ R) —?> H*{SU{n); R) with i? = Q or Z. 

It is well known that if i? = Q then c* is an isomorphism of algebras. It is 
also known that if i? = Z there exist integral classes ^ 2 r-i ^ 

2 < r < n, so that the integral cohomology PI*{SU{n)\'L) is isomorphic to the 

exterior ring A{^^,--- Conceivably, there exist integral cohomology 

classes C 2 r-i € P[‘^^~^{PSU{n);Z), as well as a sequence (a„^ 2 ,--- ,cin,n) of 
integers, such that 
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(1.1) the set {IjC/ = n C 2 r-i I ^ ^ {2, • •' of square free monomials is a 

r£l 

basis of the free part of the ring H*{PSU{n)-'Z); 

(1.2) the induced map of the covering c satisfies the relation 
C*(C2r-l) = a«.r ■ Gr-l) 2 < r < 71. 

See in the proof of Lemma 2.2 for the justification of the statements (1.1) and 

(1.2) . In addition, since the mapping degree of c is the order of the center Z„, 
and since the product Ca '' ’ C 2 rt-i i® ^ generator of the top degree cohomology 
H"^{PSU{n)]Z) = h (m = dimPS't7(n)) by (1.1), the calculation by (1.2) 

C*(C3 ■ ■ ■ C2r!,-l) = (On,2 ' ’ ' ««,») ' ^3 ' ’ ' ^2n-l 

indicates that the sequence {an, 2 , • • ■ , On.n) satisfies the constraint 

(1.3) 71 = a„,2.fln.n- 

In view of (1.2) and (1.3) it is both of topological and arithmetic interests 
to study the problem of expressing the sequence (an, 2 ,‘'' ,an,n) by explicit 
function in n. 

By the prime factorization of an integer n > 2 we mean the unique expression 
71 = ■ ■ - pi* with 1 < Pi < • • • < pt the set of all prime factors of n. In term 

of this factorization one introduces the partition on the set {2, • • • , n} by 

{2, • • • ,71} = Qo(n) n Qp,{n), 

l<l<t 

where Qpi{n) = {pi | I < r < r^}. The main result of this paper is 

Theorem 1.1. One has an,k = Pi or 1 for k G Qpi{n) or k G Qo{n). 

Theorem 1.1 implies that the decomposition (1.3) coincides with the prime 
factorization of the integer n. It plays also a role in computing the integral 
cohomology ring of the Lie group PSU{n), compare Theorem 1.1 with i). 
Lemma 4.6]. 

The remaining parts of the paper are so arranged. Based on a general 
approach to the cohomology theory of compact Lie groups developed in [5] 
an arithmetic characterization of the integers an,k is obtained in Lemma 2.2. 
Section 3 constitutes the major contribution of the present work, where (granted 
with Lemma 2.2) Theorem 1.1 is established. In addition, in this paper the 
cohomologies are over the ring Z of integers, unless otherwise stated. 

2 Preliminaries in topology 

The center of the unitary group U{n) of order n is the circle subgroup — 
{diag{e^^^ • • • , e*®} | 0 S [0, 27r]} that acts on U{n) via right multiplication. The 
quotient group PSU{n) := U{n)/S^ is the adjoint Lie group of the type An-i 
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[T] , while the quotient map C : U[n) —>■ PSU (n) is both a group homomorphism 
and an oriented circle bundle over PSU{n). Let w G H^{PSU{n)) be the Euler 
class of the bundle C, and let Jn(w) C H*{PSU{n)) be the subring generated 
by w. For a pair (n, k) of integer with 1 < fc < n we set 

where (^) = binomial coefficient. 

Lemma 2.1. The class uj generates the group H^{PSU{n)) = and the 
subring Jn{i^) has the presentation 

(2.1) Jniuj) = Z[w]/ {bn,kUj’', 1 < k < n), deguj = 2. 

Proof. For a compact and 1-connected Lie group G whose center is the cyclic 
group Zq of order q, consider the circle bundle over the quotient group Gj'Lq 

C : [G X S'!] /Z, ^ G/Z„ 

where Zg acts on the circle group via the anti-clockwise rotation through 
angle —. The first statement is verified by the facts that the Euler class of this 
bundle generates H^{G/Zq) = Z^ (see [H Theorem 1.3]), and that the unitary 
group U{n) is isomorphic to [SU{n) x /Z„. 

Taking a maximal torus T on PSU(n) the Borel transgression r in the 
fibration tt : PSU{n) —> PSU{n)/T fits into the short exact sequence 

(2.2) 0 ^ H^{T) A H^{PSU{n)/T) ^ H^{PSU{n)) 0 (see [1 (2.5)]). 

Moreover, with respect to the canonical Schubert basis {wi, • • • , w„_i} on the 
cohomology H‘^{PSU{n)/T), the subgroup 

Imr = kerTT* C H‘^{PSU{n)/T) 

is spanned by the subset (see [U Theorem 2.4]) 

{2cUi ^k—1 T UJk-klj ^n—2 “b ‘^^n—1 | 2 ^ ^ U 

Consequently, the induced map tt* in (2.2) satisfies that 

(2.3) 7T*(uJk) = kuj, 1 < k < n — 1. 

On the other hand, by [U i) of Theorem 5.1] the ring H* {PSUin)/T) has 
the presentation 

(2.4) H*{PSU{n)/T) = Z[uJi, ■ ■ ■ ,w„_i]/ {cr{u}i, ■ ■ ■ , w„_i),2 < r < n) 

in which Cr{oJi, - ■ ■ , w„_i) is the elementary symmetric polynomials in the 
set 
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{wi, Wfc - Wfe-i,-Wn-i I 2<k<n-l) 

with cardinality n. By (2.3) and (2.4) the map tt* carries the ring i7*(PS'C/(n)/T) 
surjectively onto the subring J„(a;) C H*{PSU{n)), and induces the desired iso¬ 
morphism 

H*{PSU{n)/T)/ (kerTT*) = Z[wi]/ (1 < r < n) ^ J„(a;).n 

Note that | 6rt,fe-i with bn,i = n and bn^n = 1- The following result 
gives an arithmetic characterization for the integers an,k in (1-2). 

Lemma 2.2. an,k = k >2. 

Proof. The Gysin sequence of the circle bundle C provides us with an exact 
sequence relating the cohomologies P[*{U{n)) and H*{PSU{n)) 

(2.5) -^ H’^{PSU{n)) % H^iU{n)) A H^-^{PSU{n)) A H^+^{PSU{n)) A 

' ’ ' 5 

see [6l p.l49] or [2l Theorem 1.3]. Let ^2r-i ^ H'^^~^{U{n)) be the primary 1- 
form with characteristic polynomial Cr(wi, • • • , w„_i) ([21 Definition 3.5]). Then 

b) d{^ 2 k-i) = £ Jn{oj) (see [21 Formula (4.10)]). 

In addition, in view of the canonical diffeomorphism U{n) = x SU(n) ([21 
Theorem 1.2]) let p : U{n) ^ SU{n) be the projection onto the second factor. 
Then the induced map C* factors through c* in the fashion 

c) C* =p*oc* : H*{PSU{n)) H*{SU{n)) H*{U{n)), 

while the map p* carries P[*{SU{n)) isomorphically onto the first summand of 
the decomposition by a) 

d) H*{Uin)) = A(e3, • • • , ^2.-1) ® A • A(C3, • • • , i2n-l)- 

Comparing b) with the presentation (2.1) we find that the order of the class 
d{^ 2 k-i) S H*{PSU{n)) is precisely exactness of the sequence 

(2.5) , and taking into account of the decomposition c), there exists a set 

‘i’ = K 2 k-i G H^^-\PSU{n)) \2<k<n} 
of cohomology classes satisfying the relations 

(2.6) c*(C2fe-i) = ^ • Afe-i, 2<k<n. 

With (2.6) corresponding to (1.2) it suffices to show that the set {1,C7 = 
n C2r-i I C {2, • • ■ )?T-}} of monomials satisfies the property (1.1). 

r^I 

Setting m = dim PSU(n) then the product ^3 • • • ^2™-! is a generator of the 
top degree cohomology group H^{SU{n)) = Z by d). Since the mapping degree 
of c is n the calculation 
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C*(C3 ■ ■ ■ C2ra-l) — ^n,l ’ ('^3 ' ' ' ^2n-l) — ’ (Cs ' ' ' ^2n-l) 


by ( 2 . 6 ) indicates that the monomial C 3 ‘ ' C 2 n-i i® ^ generator of the top de¬ 
gree cohomology H^{PSU{n)) = Z. Consequently, by [3J Lemma 2.9] the set 
{ 1 , C/ = n C2r-i I C { 2 , • • • , n}} of 2 ”“^ monomials is linearly independent, 

r^I 

and spans a direct summand of the free part of the ring H*{PSU(n)). The 
proof is now completed by the routine relation 

dim(iJ*(P5'17(n)) ( 8 )Q) =2"-i .□ 


Remark 2.3. In m §4] Baum and Browder obtained certain information on 
the Serre spectral sequence associated to the fiber sequence 

U{n) 4 PU{n) 4 BS\ 

where y is the classifying map of the Euler class w € H'^{PU{n)). Precisely, 
write H*(U{n)) = A(zi : i = 1, • • • , n) and H*{BS^) = Z[a], where \zi\ = 2i — 1 
and |a| = 2, Baum and Browder showed that the differentials dr satisfy the 
relations 

(2.7) dr{zi) = 0 for r < 2i; d 2 i{zi) = 

From (2.7) one can obtain alternative proofs of Lemmas 2.1 and 2.2. For instance 
the subring J„(a;) can be seen to be Imy = E^{PU{n)), see Ruiz [Tj. 

In comparison our approach to Lemmas 2.2 is based on the exact sequence 
(2.5) which can be extended to compute the integral cohomologies of the adjoint 
Lie groups [2] Theorem 4.7, Theorem 4.12].n 

3 The prime orders of binomial coefficients 

Let K.+ and N be, respectively, the set of positive reals and the set of natural 
numbers. For a real a; € M let [a;] denote the unique integer satisfying 0 < 
a: — [a:] < 1. It is straightforward to see that 

Lemma 3.1. For any x,y € K’*', m, n G N, with x + y = m + n, we have 
N -b [y] < [m] + [n], 

where the inequality holds if either x ^ [x] or y ^ [yj-D 

Given a prime p and an m € N the order of m at p, denoted by ordp (m) , is 
the biggest integer a so that m is divisible by the power Clearly, if ni, • • ■ ,nr 
is a sequence of positive integers then 

(3.1) ordp{g.c.d.{ni, ■ ■ ■ ,nr}) = rnin{ordp(ni), ■ ■ ■ ,ordp{nr)}. 
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The next formula is shown in Theorem 416] 
Lemma 3.2. ordp{n\) = 

Applying Lemma 3.2 we show that 


Lemma 3.3. Assume that n = p^n' with {nf,p) = 1. Then k G Qp{n) implies 
that the number an,k Is divisible by p. 


Proof. In view of the formula (3.1) and by Lemma 2.2, it suffices to show that 
ordp{{ps)) < ordpid)) 

for any 1 < fc < p'* and 1 < s < r. This is equivalent to 


(3.2) ordp{p^\{n — p®)!) > ordp{k\{n — k)\), 1 < fc < p'*, 1 < s < r. 


By Lemma 3.2 if 1 < fc < p'* then 
(3.3) ordpikKn-k)\) = ^([i^] + [i]) = 

where the second equality comes from the obvious relation 

Er=.+i[^]=o- 


Since the integer n is divisible by p® the open interval ( " P , ~) with j > s 
contains no integer (for otherwise, there would be an integer m G (0,p®) such 
that n — mis divisible by the power pi for some j > s, contradicting to that m 
is not divisible by p®). It follows that 

V^\ = ["^1 for all 1 < fc < p®, j > s. 

Summing this equality over j > s + 1 yields that 

(3-4) = 

Finally, the relation (3.2) is shown by the calculation 

ord,(p®!(n-p®)!) = E;=i(['^] + [0+ET=t+i[^] (by (3-3)) 

> E;=i([^] + [^]) + Er=.+i['^] (by Lemma 3.1) 

= E;=i([^] + [^]) + Er=.+i[^] (by (3-4)) 

= ordp{kl{n — fc)!) (by (3.3)).n 


Proof of Theorem 1.1. Assume that the prime factorization of the integer 
n > 2 is n = p^^ ■ ■ - pi*. For each k G Qp^ (n) we can assume by Lemma 3.3 that 
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^n,fc — Pi ‘ ^n,k 

for some an,k € N, and rephrase the decomposition (1.3) of the integer n as 


Tl — n (^n.k n Ojfi k 

k&Qpf^(n),l<i<t fe£Qo(») 


= P? 


' ' Pt^ n Ctn.k ^n,k- 

k^Qp^(n) ,l<i<t kGQoin) 


n 


Since the factor on the right hand side coincides with the prime factor¬ 

ization of n, the equality above forces out the relations a„_fc = 1 for k G Qpi{n), 
and an,k = 1 for /c G Qo{n). This completes the proof of Theorem 1.1.□ 


We conclude this paper with an application of Theorem 1.1. For a compact 
Lie group G with a maximal torus T let tt* : H*{G/T) —^ H*{G) be the in¬ 
duced map of the fibration tt : G ^ G/T. By Grothendieck [4] the subring 
ImTT* C H*{G) is the Chow ring A*{G^) of the reductive algebraic group G^ 
corresponding to G. From the proof of Lemma 2.1 we find that 

(3.5) A*{PSU{nY) = Jn{oj) (see (2.1)). 


On the other hand, in view of the obvious decomposition bn^k = cLn,k+i ■ • • o,n,n 
and by Theorem 1.1, the number ^ admits the prime factorization 

(3.6)6„,fc= n pp 

l<z<t 


where l{i,k) = ri ii k > , and satisfies the relation 


l{i,k) , , l{i,k) + l 
p> ' <k<p>’ ’ 


if fc < pI^ . Combining (3.5) with (3.6) yields the following canonical decompo¬ 
sition of the ring A*{PSU{nY) into its primary torsion ideals 


Corollary 3.4. If n > 2 has the prime factorization pY • • -Pt*, then 


A*{PSU{nY) =1 © 


ZM+/(pr..,p; 


Ti — l, 


!P\pY~'^oj^ 
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